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Abstract - Recent progress on wireless planar battery charging 

platform highlights a requirement that the platform must be 

shielded underneath so that the electromagnetic (EM) flux will 

not leak through the bottom of the charging platform. The 

presence of the EM shield will inevitably alter the flux 

distribution and thus the inductance of the planar windings. In 

this paper, a theory of calculating inductance of spiral windings 

is extended to determine the inductance of planar spiral windings 

shielded by a double-layer planar EM shield. With the 

generalized equations, the impedance of the planar spiral 

windings on double-layer shielding substrate and the optimal 

thickness of shielding materials can be calculated accurately 

without using time-consuming finite-element method. Therefore, 

the influence of the double-layer electromagnetic shield on the 

inductance of the planar spiral windings can be analyzed. 

Simulations and measurements have been carried out for several 

shielding plates with different permeability, conductivity and 

thickness. Both of the simulations and measurements of the 

winding inductance agree well with the extended theory.  

Keywords - planar spiral inductance, double-layer shield, 

impedance formulas

NOMENCLATURE

11
,ra   Internal radii of circular winding. 

22
, ra   External radii of circular winding. 

21
, dd  Height of filaments or winding centers above 

the substrate. 

21
,hh   Thickness of the winding track. 

xJxJ
10

,  Bessel functions of the first kind. 

0
L   Self-inductance of windings in air. 

1
L   Self-inductance with single-layer substrates. 

2
L   Self-inductance with double-layer substrates. 

s
L  Additional inductance of windings due to the 

presence of substrate. 
M  Mutual inductance between two windings or 

filaments in air. 
SQ,  Defined in (4) and (5). 

s
R  Additional resistance of windings due to 

eddy loss in substrate. 

21
, tt  Substrates thickness. 

Z  Mutual impedance between two windings or 
filaments. 

f

t
Z  Additional mutual impedance due to 

presence of substrates. 
 Angular frequency (rad/s). 

21
,  Electrical conductivity of the substrates. 

21
,

rr
 Relative permeability of the substrates. 

0
 Permeability of free space ( mH /104 7  ). 

21
, tt  Defined in (6). 

kk
21

,  Defined in (7) and (8). 

2
, tm  Defined in (9) and (10). 

21
,  Defined in (11) and (12). 

I. INTRODUCTION 

Inductance calculation methods for spiral planar windings 
[1,2] have provided a useful tool for researchers to investigate 
various applications of planar windings. Planar magnetic 
components are attractive in portable electronic equipment 
applications in which high power density and slim designs are 
preferred. For examples, coreless planar transformers for signal 
and power transfer have been studied [3,4]. The loss modeling 
of planar inductor for thermal management has also been 
investigated [5]. Planar spiral windings have been used for gate 
drive applications [6] and stray inductance cancellation in EMI 
filter [7-9]. Recent industrial applications of planar windings 
include stand-alone battery chargers [10] and induction heating 
[11-13]. The inductance calculation of spiral windings with 
variable widths is reported in [14].  

So far, the inductance of planar spiral windings on a single-
layer substrate of finite thickness or in a sandwich structure has 
been analyzed [1,2,15]. However, it has been shown that a 
patented double-layer EM shield consisting of a soft-magnetic 
plate and a conducting plate can achieve a much higher 
shielding effectiveness [16]. This double-layer EM shield 
structure is particularly important for designing planar wireless 
charging platform [17] because the platform must be shielded 
underneath so that the magnetic flux will not leak through the 
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bottom of the platform. However, the presence of the EM 
shield will affect the inductance of the planar windings. 

In this paper, an extended theory based on the equations in 
[1,2] for calculating inductance of spiral windings is presented.  
A new set of formulas have been developed to calculate the 
inductance of planar spiral windings with double-layer planar 
EM shield. This extended theory can be used to optimize the 
spiral windings and EM shield design. In this project, it is used 
to choose proper shielding parameters for the universal 
wireless battery the platform. With the generalized equations 
presented in this paper, the mutual impedance of the planar 
spiral windings on double-layer shielding substrate structure 
and the optimal thickness of shielding materials can be 
calculated directly without using time-consuming finite-
element software. The frequency dependent losses, particularly 
due to eddy currents in magnetic substrate, have also been 
considered in the calculation. Theoretical results agree 
favorably with the finite-element simulation results and 
practical measurements for several ferrite plates with different 
permeability and thickness. This extended theory also leads to 
some interesting discoveries that are useful to the optimal 
design of the shielding structure, such as the optimal thickness 
of the ferrite plate. 

II. IMPEDANCE FORMULA

A set of frequency-dependent impedance formulas for 
planar spiral windings on a magnetic substrate of finite 
thickness or a planar coils sandwiched between two magnetic 
substrates are reported in [1,2]. Such theory considers the non-
uniform current distribution in planar coils and the loss in 
magnetic media. The impedance formulas are derived from 
Maxwell’s equations. In the first step of deduction in this 
theory, the formula of the mutual inductance between two 
filaments is reproduced in [1]. Then the mutual inductance 
between two planar windings is obtained by integrating the 
previous formulas over the cross-section of the conductor, 
taking the current density distribution into account and 
assuming that the variation over the height of the cross-section 
is negligible [1]. By extending the results in [1] and [2], a new 
set of impedance formulas are set up for planar spiral windings 
placed on a double-layered, planar EM shield constructed with 
a ferrite plate and a copper plate. 

Fig. 1 and Fig. 2 show the 3-D view and cross-sectional 
view of two turns of concentric circular windings on a double-

layered substrate having relative permeability of 
21

,
rr

,

electrical conductivity of 
21

,  and thickness of 
21

, tt ,

respectively. The mutual impedance between the two windings 
is given by (1) 

f

t
ZMjZ    (1) 

where M  is the mutual inductance which would exist in the 

absence of the substrate and can be calculated by (2); f

t
Z  is the 

additional impedance due to the presence of the double-layered 

substrate and can be calculated by (3). The real part of f

t
Z , the 

resistive component, represents the losses due to the eddy 

currents in the substrate, and the imaginary part of f

t
Z , the 

inductive reactance, enhances the inductance in the air. The 
specific definitions of nomenclature are given below: 

0
211212

1

2

1

2
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0 12,,,

lnln

dkekhkhQkakaSkrkrS
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a
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r
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M
ddk

0
21211212
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1
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r
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j
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hyxz
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e
h
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kh

,0,
12

2
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2
cosh

2
cosh

2

,

21

2

k

kyJkxJ
kykxS 00,

kxJ
0

 is a Bessel Function of the first kind.  

Due to the new double-layered substrate, the parameter 

function 
21

, tt  in (3) has a modified expression as shown 

below: 

11

11

2

2

2

1

2

2

2

1

21

1

,
t

t

e
mt

mt
k

e
mt

mt
k

tt    (6) 

where k
1

, k
2

, m ,
2

t are defined in (7), (8), (9) and 

(10), respectively.  

k

kk

r

r

1

1

1

1
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    (7) 
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r

2

2

2

2

2
    (8) 

(2)

(3)

(4)

(5)

Fig.1. 3-D view of the model of planar windings on 

double-layer substrate 

Fig.2. cross-sectional view in R-Z plane of the model of planar 

windings on double-layer substrate 
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12

21

r

rm     (9) 

22

22

2

2

2

2

2
1

1
t

t

ek

ek
t    (10) 

and

101

2

1 r
jk    (11) 

202

2

2 r
jk    (12) 

The derivation of these equations is given in the Appendix. 

It is important to note that the above equations is an 
extended form of the calculation method presented in [1,2]. 
When the two layers are made of the same material, 

(i.e.,

k

kkkm

r

r

21
,1 ), the new parameter 

function 
21

, tt  of (6) can be simplified to (13) as follows: 

21

21

22

1

2

1

21
1

1
,

tt

tt

ek

ek
tt   (13) 

It can be seen that (1)-(3) is identical to the equations for 
spiral windings placed on a single-layered substrate of finite 
thickness as reported in [1]. Hence, the extended theory can be 
reduced to the original theory if a single-layer substrate is used.   

III. VERIFICATION AND ANALYSIS

The formula is proposed universally for two turns of 
concentric circular windings on a double-layered substrate 
made of any materials. For an N-turn spiral coil, the total 
impedance is the summation of each mutual impedance pairs 
between two concentric circular windings: 

N

j

N

i

ijsum
ZZ

1 1

   (14) 

where Zij is substitute to Z in (1). 

A. Verification 

To evaluate the validity of the formula presented, a 
prototype shown in Fig. 3 has been analyzed as an example. 
The spiral planar winding has 10 turns. The geometric 
parameters of the planar spiral winding and the double-layered 
shielding structure are illustrated in Fig. 3.  

It can be seen in (6) that the parameter function 
21

, tt

depends on seven variables: the thickness 
21

, tt , the relative 

permeability 
21

,
rr

, the conductivity 
21

, , and the 

frequency , where subscripts 1 and 2 refer to the first-layer 

and the second-layer of the substrate, respectively. In the 
verification of the formula, the material of the first-layer plate 
is respectively assumed to be dielectric and ferrite (4F1) whose 
relative permeability is prominently different from each other 

( 80,1
__ Ferdir

). The influence of some other variables 

will be shown. The self-inductance of the spiral winding is 
presented by calculated results (MATLABTM), simulated results 

(AnsoftTM) and measured results in order to justify the formula. 
For clear comparison, all the results are normalized as ratio to 
the inductance of windings in the air (without substrate), 

HL 312.1
0

.

(i) First-layer of dielectric and second-layer of copper 

Firstly, the case of using a double-layered substrate 
consisting of a dielectric such as PCB lamination material (FR4: 

4.4,0,1
111 rr

), and copper is considered. Fig. 4(a) 

shows the inductance curve as a function of frequency while 

the thicknesses of the substrate are mmtmmt 03.0,3.0
21

.

Fig. 4(b) shows the inductance curve as a function of frequency 
with the thickness of the copper layer changed to 0.06mm 
while other parameters remain unchanged.  

Secondly, the case of inductance with double-layered 

substrate (dielectric and copper) as a function of 
1

t  is examined, 

1
t  is changed from 0mm-0.5mm and the operation frequency is 

chosen as 500 kHz. The results curve is shown in Fig. 5.  

Although the case of substrate composed of dielectric and 
copper does not have many applications from a practical point 
of view, the results from calculation, simulation and 
measurement are highly consistent. This good agreement 
confirms the validity of the formula. The addition of the copper 
layer has a negative effect to the inductance of the spiral 
winding, especially when the relative permeability of the first 
layer is low. 

(ii) First-layer of ferrite (4F1) and second-layer of copper 

The case of using a double-layered substrate consisting of 

ferrite (4F1: mS
r

/101,80 5

11
) and copper is then 

analyzed. Fig. 6(a) illustrates the inductance curve as a function 
of frequency while the thicknesses of the substrates are 

mmtmmt 03.0,5.0
21

. Fig. 6(b) illustrates the inductance 

curve as a function of frequency with the thickness of the 
copper layer changed to 0.06mm while keeping other 
parameters unchanged. These results show that the double-
layered shield of ferrite and copper does not reduce the 
winding inductance significantly. However, the thin double-
layered EM shield will provide a significant shielding 
effectiveness. 

B. Analysis

For the purpose of enhancing the inductance and providing 
an effective EM shielding, the magnetic material, ferrite, is 

Fig.3. Cross-sectional view of the prototype in R-Z half plane 
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usually chosen as the material of the substrate. In this section, 
the calculation and simulation will be carried out with the same 
prototype shown in Fig. 3 and some of the calculation results 

will be given, when the thickness of the ferrite plate, 
1

t , or the 

frequency, , changes. The result for double-layered shield is 

compared with that for single-layered shield (i.e. the copper 
sheet is absent), in order to highlight the effect of the copper 
sheet on the inductance of planar spiral windings. 

(i) thickness of the first layer, t1, changes

Firstly, only the thickness of the ferrite plate is changed and 

the thickness of copper is fixed at mmt 07.0
2

, while other 

parameters are unchanged and the frequency is fixed at 500 
kHz. The calculated results are compared with finite-element 
simulated results in Fig. 7. All the results are normalized as a 
ratio to the inductance of windings in the air (without substrate), 

HL 312.1
0

. Fig. 7(a) and (b) show the results when the 

material of the ferrite plate is 4F1 80
1r

 and 

Fig. 4 (a) mmtmmt 03.0,3.0
21

Fig. 4 (b) mmtmmt 06.0,3.0
21

Fig. 4 Inductance with double-layer substrate (dielectric and copper) as a 

function of frequency; HL 312.1
0

Fig. 5 Inductance with double-layer substrate (dielectric and copper) as a 

function of  
1

t ; KHzf 500 ; mmt 03.0
2

; HL 312.1
0

Fig. 6 (a) mmtmmt 06.0,5.0
21

Fig. 6 (b) mmtmmt 06.0,5.0
21

Fig. 6 Inductance with double-layer substrate (4F1 and copper) as a 

function of frequency; HL 312.1
0
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3F3 900
1r

, respectively. Based on the theoretical results 

from the extended theory and the measurements, it can be seen 
that the extended theory can predict the optimal thickness of 
the ferrite plate for a given permeability. Both results in Fig.7(a) 
and Fig.7(b) indicate that the winding inductance can be 
enhanced if the thickness of the ferrite plate is larger than a 
certain value. If the ferrite plate is thick enough, the copper 
sheet has little influence on the inductance. But this additional 
copper sheet can greatly increase the shielding effectiveness.  

If
1

t  is larger than the critical value, this kind of negative 

effect of the copper layer on the winding inductance becomes 
negligible. For example, if we set L2/L1 to be greater than 0.97 
as an indicator (so that. L2 is virtually the same as L1), the 
thickness of the ferrite plate t1 can be chosen to be 0.4mm for 
the case of ferrite 4F1 and 0.2mm for the case of ferrite 3F3. 
(Note that ferrite plates of 0.5mm are available in the market.) 
The critical thickness value decreases with increasing relative 

permeability of the first layer of ferrite material. 

(ii) frequency changes

A test has been performed to evaluate the frequency effects 
of the double-layered substrate on the inductance of planar 
spiral windings. The 4F1 ferrite plate is used in the test for a 
frequency range from 1kHz to 10MHz. Fig.8 (a) and (b) show 

the results when the thickness of the ferrite plate, 
1

t , is 

mm05.0 and mm4.0 , respectively. If the thickness of the ferrite 

plate is less than the critical value, e.g. t1=0.2mm  (< 0.4mm), 
the induced current in the copper sheet will incur power loss 
and thus reduce the winding inductance as the frequency 
increases, as shown in Fig.8(a). However, once the thickness of 
the ferrite is reached (t1=0.4mm), the adverse effect of the 
copper sheet diminishes as confirmed in Fig.8(b). 

The real part of f

t
Z  which represents the eddy currents 

losses in the substrate is highly dependent on the operating 
frequency. In this double-layer case, the resistive element 

Fig. 8 (a) t1=0.05mm 

Fig. 8 (b) t1=0.4mm 

Fig. 8 Frequency effect of the inductance with different ferrite 

plate thickness 

Fig. 7 (a) Ferrite plate 4F1  mS
r

/101,80 5

11

Fig. 7 (b) Ferrite plate 3F3  mS
r

/1.0,900
11

Fig. 7 Enhancement of inductance with the increase of ferrite plate 

thickness HL 312.1
0
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which represents this kind of loss, 
s

R , is calculated to be 

smaller than 2% of the dc resistance of the windings in the air, 
even when the frequency is increased to 10MHz. 

2823.0,0054.0
10 dcMHzs

RR . Thus, this kind of loss is 

not dominant compared with the ohmic loss in the windings, 
which is dramatically influenced by the skin effect and 
proximity effect at high frequency. 

(iii) comparison with the shielding effectiveness

In order to enhance the shielding effectiveness (SE), we use 
the double-layered structure as the EM shield by adding a very 
thin copper on the bottom of ferrite [16]. This structure with 

4F1 ( mmt 4.0
1

) and copper ( mmt 07.0
2

) has been 

proposed and the SE also has been tested for the case of single-
layer and double-layer respectively. The results are shown in 
the Fig. 9 [19], which clearly illustrate that the EM shielding 
effectiveness has been enhanced by the use of the copper layer. 
In [19], the presence of copper layer prominently enhances the 
shielding effectiveness by about 20 dB to 40 dB, at the expense 
of only a loss of 5% of inductance value. 

Fig. 9 Calculated and measured Shielding Effectiveness in dB [19] 

In summary, when t1 exceeds the critical value (e.g. 0.4mm 
for 4F1 ferrite plate), the copper sheet has little effect on the 
inductance of the windings (see Fig. 8(b)), even if the 
frequency is increased to 10MHz. But the copper sheet can 
improve the shielding effectiveness by more than 40dB with 
the same structure parameters [19]. This finding indicates a 
very good property of shielding effectiveness improvement 
without losing inductance if the thickness of the ferrite plate is 
beyond a critical value. This extended theory can be used to 
optimize the thickness of the ferrite layer in the practical work. 

IV. CONCLUSION

In this paper, an extended theory on inductance calculation 
of planar spiral windings on a double-layered substrate is 
presented and verified with finite-element simulation and 
practical measurements. This formula is based on the physical 
dimensions of the spiral planar windings and the electrical and 
the magnetic properties of the substrate. An analysis of the 
variable parameters is carried out when the thickness of the 
ferrite plate or the frequency changes. With the help of this 

extended theory, it is found that a critical value of the thickness 
of the ferrite layer exists for a given material of permeability. 
The critical thickness value decreases with increasing relative 
permeability of the first layer of ferrite material. This new 
information is important for the optimal design of the ferrite 
layer in the double-layered EM shield structure. The extended 
theory has been confirmed with simulation and measurements. 
It can also be reduced to the original theory if the double-
layered EM shield structure is reverted to a single-layered 
structure.
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APPENDIX

The following procedure provides the derivation of (1)-(3) 
in detail, which is similar to the method described in [1]. In 
order to obtain the impedance formula of planar windings, the 
case of filamentary turns must primarily be considered as 

shown in Fig. 10. The filamentary turn at 
1

dz  carries a 

sinusoidal current tjeIi . The solution of Maxwell’s 

equations must be considered in five distinct regions and [1] 
has presented the solution of each region about this structure. 

Fig. 10. Filamentary turns above a double-layer substrate 

The solution of the electric field intensity E  in each region is: 

 Region 1: 
1

dz             kzAeE   (A1) 

 Region 2: 
1

0 dz            kzkz CeBeE  (A2) 

 Region 3: 0
1

zt                 zz
FeDeE 11  (A3) 

 Region 4: 
112

tztt zz HeGeE 22  (A4) 

 Region 5: 
12

ttz            kzIeE   (A5) 

There are six constants to be established on the basis of the 
boundary conditions. The electric field is continuous at the 

boundaries of 
1

dz , 0z ,
1

tz  and 
21

ttz :

111 kdkdkd CeBeAe    (A6) 

CBFD     (A7) 
12121111 tttt

HeGeFeDe   (A8) 
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21212212 ttktttt IeHeGe   (A9) 

The boundary condition on the radial component of the 
magnetic field intensity is given by: 

f
KHHn   (A10) 

where n  is the unit vector normal to the plane at the boundary 

and
f

K  is the surface current density at the boundary. The 

radial component the magnetic field intensity is given by 
Maxwell’s equations: 

rr
Hj

z

E
0

  (A11) 

At 0z ,
1

tz  and 
21

ttz , there is no surface current 

and equating 
r

H  at either side of the boundary gives: 

CBkFD
r1

1    (A12) 

12121111

2

2

1

1 tt

r

tt

r

HeGeFeDe  (A13) 

21221221

2

2 tttt

r

ttk HeGekIe  (A14) 

At
1

dz , and in terms of kaaJIK
f 1

 available in [1], the 

final boundary condition equation could be acquired giving: 

kaaJI
k

j
CeBeAe kdkdkd

1

0111  (A15) 

There are now eight equations in eight unknowns which can be 
readily solved. In terms of mutual impedance we are 
particularly interested in Region 1 where the electric field is  

11

21

1

0
,

2

dzkdzk
ette

k

kaaJ
IjE  (A16) 

11

11

2

2

2

1

2

2

2

1

21

1

,
t

t

e
mt

mt
k

e
mt

mt
k

tt   (A17) 

Applying the inverse transform of the Fourier-Bessel integral 
described in [1], the mutual impedance between two filaments 
is obtained, in the expression of (A18), (A19) and (A20): 

f

t
ZMjZ     (A18) 

0
110

12 dkekaJkrJarM
ddk

  (A19) 

0
21110

21, dkettkaJkrJarjZ
ddkf

t
 (A20) 

The mutual impedance between two planar windings is 
obtained by integrating (A20) formulas over the cross section 
of the conductor using the method based on the Fourier-Bessel 
integral transformation. The final result is shown as (1)-(12). 
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